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ABSTRACT: Even the most respected medical journals continue to publish articles containing
unwarranted conclusions, which thus appear validated. This often results from the unfamiliarity of
medical investigators with statistics leading to improper study design, data collection, analysis, and
presentation. The increased use of multivariate analysis adds to the perplexity of medical readers
not adequately prepared to judge the statistical method. This article attempts to acquaint readers
with the terminology of regression analysis and how to use regression formulas.

THE UNFAMILIARITY of medical investigators with sta-
tistics often results in improper study design or inap-
propriate collection, analysis, and presentation of
data.'* Such studies may adversely affect patient man-
agement and subsequent related research,! needlessly
place subjects at risk, and misuse resources. Unfortu-
nately, misleading information still finds its way into
the medical literature, bestowing legitimacy upon
erroneous conclusions.”® This fact is.underscored by
the recognition that the majority of readers of medical
journals do not themselves have the necessary exper-
tise to judge the statistical method. The increased use
of multivariate analysis in clinical research has added
to the bewilderment of many physicians. A better
understanding of these regression techniques has thus
become necessary.

The most commonly used regression analysis tech-
nique is multiple linear regression. However, other
techniques such as logistic regression, nonlinear
regression, and discriminant analysis are also encom-
passed by the term.*'' Regression is usually used (1) to
test hypotheses, (2) to select variables for prediction
models, or (3) to generate prediction formulas.

Because they are particularly suited to assess the
correlation among variables and to establish the
dependence of one variable upon others, regression
equations can be used effectively by the clinician to
make a diagnosis or assess prognosis. Calculation of the
value of predictor variables singly or in combination
might be of greater interest to the medical investigator
more concerned with the assessment of the patho-
physiology of disease or to the therapist attempting to
improve survival by modulating risk factors.!2 This
report briefly examines the interpretation and use of
regression formulas, particularly with regard to esti-
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mating and evaluating the dependence relationships.
The selection of variables for a prediction model is
dealt with only as it pertains to the use of regression
formulas. The use of regression for hypothesis testing
is ignored.

Emphasis will be placed on types of regression that
are linear with respect to the terms in the model (pre-
dictor variables within a regression formula), though
the model terms themselves may be nonlinear trans-
formations of the original variables. In some instances,
a linear model may not fit the data sufficiently well. One
method of determining whether there may be some
pattern in the data that is not well explained by a linear
model is through an examination of the residuals (a.
residual is the difference between the actual value of
the dependent variable and the predicted value based
upon a model). Several statistics have been developed
to test for various patterns in residuals and there are a
variety of nonlinear regression techniques which might
prove to be best in some instances. Because these tech-
niques are complex, it is advisable to consult a statis-
tician to aid in the analyses of residuals and in the use
of nonlinear regression techniques.

REGRESSION FORMULAS

Just as a clinician uses pieces of information which
are combined to form a single diagnosis, regression
analysis can be used to make predictions based upon a
formula derived from empirically relating a set of one
or more predictor (independent) variables to a single
predicted (dependent) variable. Such a formula might
look as follows:

Y =a+bX, + bX, +....bX,

(Formula I) where Y is the value of the predicted var-
iable; a is the value of a constant, commonly called the
intercept; X,, Xy, X, are the values of predictor vari-
ables; and b, b,, and b, are the constants by which the
values of the respective predictor variables are multi-
plied. The b’s are often referred to as regression
weights (slopes).
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To use a regression formula, it is necessary only to
substitute the values of the X’s into the formula. To
exemplify, let us assume that from studying a group of
subjects we have developed a formula to predict sys-
tolic blood pressure based on stress and daily sodium
intake as follows:

Systolic Blood Pressure =
50 + .825x Stress + (—.25)x Daily Sodium Intake

(Formula II) where mean systolic blood pressure =
130, SD = 15 when mean stress, (arbitrary units) = 100,
SD = 37 and mean daily sodium intake (arbitrary units)
= 10, SD = 1. This formula would yield a prediction
for systolic blood pressure of 160 for a patient with a
stress score of 137 and daily sodium intake of 12. For
such a prediction to be accurate, however, the formula
must be appropriate to the new sample. This means
that the new and the original sample from which the
formula derives must be comparable with respect to
characteristics that might influence the dependent or
independent variables under study. To the extent that
the original sample from which the formula derives
represents the parent population, the formula will be
appropriate and generalizable to that population. In
our example, for formula IX to have predictive value,
the scores for stress and daily sodium intake of the
patient must not exceed the range of the respective
scores of the original sample. In addition, if the above
formula were developed using only middle-aged men,
for example, its use to predict systolic blood pressure
for an adolescent white woman or an elderly white man
would probably be inappropriate.

STANDARDIZING THE VARIABLES

In our example, the regression weight for stress
being greater than the regression weight for daily
sodium intake does not mean that stress is more
important than daily sodium intake in predicting sys-
tolic blood pressure. The relative importance of the
variables within a regression formula can be ascer-
tained by their conversion to z-scores. To convert to z-
scores, the mean is subtracted from each score and the
difference is then divided by the standard deviation.
Thus, a z-score of — 1.2 indicates a score that is below
the mean by 1.2 standard deviations."* In this case, the
regression formula no longer has an intercept term,

and the regression weights are called beta (B)
weights."'5 Using the above example to illustrate, after -

converting to z-scores, a recomputation of the regres-
sion formula II would now generate the following
equation:

Systolic Blood Pressure =

.50 Stress + .75 Daily Sodium Intake

(Formula III). Thus, the patient with a stress score of
137 and daily sodium intake of 12, has z-scores for
those variables of [(137 — 100)/37] and [(12 — 10)/1],
thatis, 1 and 2, respectively. The predicted systolic
blood pressure is then (.50 X 1 + .75 X 2)or 20n a

z-score scale, which indicates that the predicted blood
pressure score is 2 standard deviations above the mean
[130 + (2 x 15)] or 160. From the relative weights in
formula I1I it can be seen that daily sodium intake is
more important than stress (8 weights .75 and .50,
respectively) for predicting systolic blood pressure
within this formula. It must be remembered, however,
that because weights reflect the relative contribution
of their respective independent variables to the value
of the formula in predicting the dependent variable,
adding, subtracting, or replacing variables within a
formula will alter the B weights of the variables
remaining in the equation. Asa corollary, B weights do
not necessarily reflect the correlation that each inde-
pendent variable might have with the dependent var-
iable individually, outside regression formulas. This is
true because the predictor variables usually have some
intercorrelation, or overlap in prediction. The infor-
mation as to the predictive value of each independent
variable outside regression formulas can be ascer-
tained by calculating its individual correlation with the
dependent variable.

STABILITY AND VALIDITY OF REGRESSION WEIGHTS

Regression weights are notoriously unstable, that is,
the weights often change drastically when new regres-
sion formulas using the same variables are derived
from new or altered samples. Normally, the higher the
ratio of the number of subjects to the number of var-
iables, the more stable the regression weights tend to
be. Though the stability of regression weights might
appear desirable for the clinician applying a regres-
sion formula, to the investigator developing a regres-
sion formula the stability of the regression weights is
usually a minor consideration, since he is usually much
more concerned with the validity of a regression for-
mula and the proper selection of the variables to be
included in the formula. A formula is valid for a sam-
ple in the measure that it predicts the dependent var-
iable. The level of prediction is often called “predictive
accuracy.” To the extent that the sample is represent-
ative of the parent population, the formula will also be
valid for the population (generalizable). Thus, the
validity of a regression formula is usually the most
important consideration for both investigator and cli-
nician. Because large samples are not usually required
for validity (and often involve an unnecessary waste of
resources), some methods (eg, ridge regression,!¢17
Tukey’s jackknifé technique,' and equal weighing of
variables'*#? have been developed to stabilize the
regression weights from relatively small samples.

MEASURE OF VALIDITY OF REGRESSION FORMULAS

The most common measure of validity in regression
is the multiple correlation coefficient (R) or its square
(R?). This coefficient can range from O to 1, witha 1 .
indicating perfect prediction. The squared multiple -
correlation coefficient is equal to the proportion by
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which error variance can be reduced through the use
of the regression formula as opposed to predicting the
mean of the dependent variable for all subjects. For
example, if we did not know that systolic blood pres-
sure is related to stress and daily sodium intake, we
would probably predict the mean for the sample under
consideration in order to minimize error variance.
Thus, given three values of systolic blood pressure of
136, 130, and 124 (mean = 130), the minimal error
variance (the squared difference between the pre-
dicted and the actual values) would be [(136 — 130)?
+ (130 = 130)2 + (124 — 130)?)/3, or 24. However, if
we are given information about stress and daily sodium
intake scores for each individual, this error variance
can be reduced considerably through the use of a
regression formula that takes such information into
account. Thus, if we apply formula II (assumed to have
an R? of .83) to the above example, the error variance
would be reduced from 24 to 4.09 as shown in
Table 1.

This increased predictability is due to the relation-
ship between systolic blood pressure (the dependent
variable) and stress and daily sodium intake (the two
independent variables), a relationship not previously
considered. Although the multiple correlation (R) is the
most common measure of validity in regression,'! cer-
tain regression techniques use other indices as mea-
sures of validity. For example, discriminant analysis
usually uses Wilks’ lambda,* whereas logistic regres-
sion usually uses a x* test of model fit. The validity
of these techniques is sometimes ascertained via the
percentage of subjects correctly classified by the
derived equation(s). For example, a study might be
done to determine if stress and daily sodium intake can
be used to discriminate between persons with high sys-
tolic blood pressure and those with normal systolic
blood pressure. Once the discriminant formula is
obtained, predicted and actual group membership for
each individual in the sample and the percentage of
grouped cases correctly classified are determined as
illustrated in Table 2. The equation used in this exam-
ple correctly classified 92% of persons with high sys-
tolic blood pressure and 80% of those with normal sys-
tolic blood pressure, for an overall correct classification
of 86%. It should be noted that using the percentage
of subjects correctly classified as a measure of validity

TABLE 1.
Squared
Djferﬂnce
elween
Daily Predicted Actual Actual and
Soedium Systolic Sgslalic Predicted
Stress Intake lood lood Sysolic
Scores Scores Pressure Pressure Blood Pressure
11 - 12 138.575 136 6.63
100 10 130 130 0
95 8 126.375 124 5.64

12.27 + 3 = 4.09

TABLE 2.
Actual
High Normal
High 23 (92%) 5
Predicted
Normal 2 20 (80%)
25 (100%) 25 (100%)

can be misleading because regression formulas are sel-
dom developed to maximize this criterion.

GENERALIZABILITY OF REGRESSION FORMULAS

A regression equation can show substantial predic-
tion of the dependent variable in the sample on which
it was developed, yet have little or no predictive value
for the parent population from which the sample was -
drawn. The phenomenon is usually called “capitaliz-
ing on chance” and because of it, the sample multiple
correlation coefficient (R) is often a misleading indi-
cator of the validity of a regression equation for the
parent population. Formulas have been developed that
estimate the validity of a regression equation for the
parent population (generalizability of the formula) by
weight correction of R according to the number of
subjects, and of predictor variables in the sample gen-
erating the equation.?>*® One such formula® is:

o PN =k —3) +p?
TPE(N—2% -2 + K

(Formula IV) where R? = the squared value of the cross-
validated multiple R for the population from which the
sample was drawn, N = number of subjects, k = num-
ber of predictors, and p?and p* = multiple correlation
coefficient squared and to the fourth power, respec-
tively, corrected for shrinkage according to the stand-
ard formula developed by Wheary. The cross-validated
multiple R is usually lower than the sample multiple R,
the magnitude of the difference (or shrinkage)
depending mostly on the predictive power of the var-
iables and the ratio of sample size to number of vari-
ables. Thus, it is generally advisable that an appropriate
sample size and number of predictor variables be
determined before beginning a study.® Unfortu-
nately, this is often not done.** In general, if the ratio
of subjects to predictors is low, the population esti-
mate of validity (R) will be markedly lower than that
for the original sample (R). However, because of the
greater predictor power of its independent variables,
a regression equation developed within a small study
with a low subject-predictor ratio might be more valid
and generalizable than one developed within a larger
study. To demonstrate, let us assume two regression
equations obtained in order to predict systolic blood
pressure. The first equation developed on a study using
25 subjects and two predictor variables yielded a mul-
tiple R* of .35. The second equation yielded a multiple

2 of .30 from a study of 200 subjects and 15 predictor
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variables. Using formula IV, the cross-validated mul-
tiple R?s for the equations derived from the large and
the small studies would be .26 and .20, respectively.

STATISTICAL SIGNIFICANCE AND CLINICAL IMPORTANCE

In the last example, the equation developed from the
smaller study would be clearly preferable to that
developed from the larger study because {a) it is more
predictive within the sample from which it derives, and
(b)itis calculated to yield more accurate predictions in
new samples from the parent population. Such pref-
erence would be appropriate despite the statistical sig-
nificance of the regression equation obtained from the
large study being much greater (P = .0000001) than
that obtained from the smaller study (P = .01). This
difference in P values reflects more the size of the two
samples than the validity of the equations or the power
of their respective predictor variables. The level of sta-
tistical significance is often mistakenly used to judge the
relative merit of a study,®* with the more statistically
significant studies judged to be better. Once a study is
found to be statistically significant, judgment of its
merit should be based on the clinical significance of its
findings. In the previous example, the clinical signifi-
cance of the two equations can be ascertained by their
validity for the original sample (R or R? values), and
their generalizability to the parent population (R or R?
values). '

DECLINING VALIDITY OF REGRESSION FORMULAS

A regression equation with good prediction of the
dependent variable in the original sample retains its
predictive value for new samples derived from the
parent population so long as the dependent and inde-
pendent variables remain unchanged. However, this
is often not the case. Under such circumstances,
optimizing existing regression equations may require
adjustments ranging from simple recomputation of the
formula to the generation of new regression formulas,
depending upon the degree to which the dependent
and independent variables have changed since the
formula was generated. A new formula would be indi-
cated, for example, to predict prognosis for patients
whose survival has so markedly improved over a period
of time that factors formerly known to influence sur-
vival show declining prognostic significance as previ-
ously unsuspected risk factors emerge.* Reevaluation
of predictive formulas, like reassessment of medical
knowledge, is dictated by the large and constant influx
of new data bearing on our current understanding and
treatment of disease processes.

CONCLUSIONS

This paper has attempted to acquaint the reader with
some of the terminology of regression analysis and to
show how regression formulas can be used. Such for-
mulas and computer-assisted programs are increas-
ingly being proposed in the practice of clinical medicine

to aid in diagnosis,” to prescribe proper treatment,*
and to predict probable outcome.*# As the field of
medicine becomes more complex, and with the
increasing use of computer programs that aid the cli-
nician in patient management, regression analysis will
be found to be extremely useful for generating the
necessary formulas for such computer aids. These
formulas, if properly generated and applied, will prove
to be a boon to scientific medical practice. Although
numerous studies have suggested that such actuarial
predictions are nearly always superior to intuitive pre-
dication,™ the physician will still need to be the final
Jjudge of the utility and applicability of such formulas.
There is still no substitute for useful experience and
sound judgment.*
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